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HIGHER CODIMENSIONAL FOLIATIONS WITH KUPKA
SINGULARITIES
O. CALVO–ANDRADE, M. CORREˆA JR, AND A. FERNA´NDEZ–PE´REZ
Abstract. We consider holomorphic foliations of dimension k > 1 and codi-
mension ≥ 1 in the projective space Pn, with a compact connected compo-
nent of the Kupka set. We prove that, if the transversal type is linear with
positive integers eigenvalues, then the foliation consist on the fibers of a ra-
tional fibration Φ : Pn 99K Pn−k. As a corollary, if F is a foliation such that
dim(F) ≥ cod(F) + 2 and has transversal type diagonal with different eigen-
values, then the Kupka component K is a complete intersection and we get
the same conclusion. The same conclusion holds if the Kupka set is a complete
intersection and has radial transversal type. Finally, as an application, we find
a normal form for non integrable codimension one distributions on Pn.
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1. Introduction.
1.1. Notation. Let M be a complex manifold. We denote by OM , ΘM and Ω
p
M
the sheaves of holomorphic functions, holomorphic vector fields and holomorphic
p–forms over M . Therefore, if n = dimCM , we denote by KM = ΩnM its canonical
bundle (On,Θn,Ωpn and Kn when M = P
n). If E is a holomorphic vector bundle,
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then ΩpM (E) denotes the sheaf of holomorphic p–forms with values in E. No dis-
tinction will be made between holomorphic vector bundles and locally free analytic
sheaves.
1.2. Definitions. Let U ⊂ Cn be an open set and 1 ≤ k < n an integer. A
holomorphic (n − k)–form Ω ∈ Ωn−kU (U) is integrable, if for each point x ∈ U ,
where Ω(x) 6= 0, there exits a neighborhood V of x and holomorphic 1–forms
η1, . . . , ηn−k such that
• Ω|V = η1 ∧ · · · ∧ ηn−k.
• There exists an (n− k)× (n− k) matrix of holomorphic 1–forms θ = (θij)
such that for all i = 1, . . . , n− k the following equality holds.
dηi =
n−k∑
j=1
θij ∧ ηj .
We recall the isomorphism between ΘU ←→ Ω
n−1
U defined by the contraction by
a vector field.
∂
∂xi
←→ ı ∂
∂xi
dx1 ∧ · · · ∧ dxn = (−1)
idx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn
therefore, (n− 1)–forms in Cn are always integrable.
Let M be a complex manifold of dimension n and 1 ≤ k < n. A holomorphic
foliation F on M , of dimension dim(F) = k and codimension cod(F) = n− k, may
be defined by a triple {U = {Uα},Ωα, λαβ} where
(1) U = {Uα} is an open covering of M .
(2) {Ωα} is a family of holomorphic, integrable (n − k)–forms, defined on the
open set Uα.
(3) If Uα ∩ Uβ := Uαβ 6= ∅, we have the family {λαβ ∈ O∗(Uαβ)} satisfying
Ωα|Uαβ = λαβΩβ|Uαβ ,
such that {λαβ} ∈ Hˇ1(U ,O∗).
Let {Wσ,Ωσ, µστ} be another triple satisfying conditions (1), (2) and (3) above.
The triples {Uα,Ωα, λαβ} ∼ {Wσ,Ω′σ, µστ} are equivalent if there exists a pair
{(Vi, ρi)}, where {Vi} is a refinement of the both coverings {Wσ} and {Uα}, and
{ρi ∈ O∗(Vi)} is a family of functions such that if Vi ⊂ Uα ∩Wτ then
Ωα|Vi = ρi · Ω
′
τ |Vi ,
it follows that λij = ρi · µij · ρ
−1
j , and then [λαβ ] = [µστ ] ∈ Hˇ
1(M,O∗).
Also, for two equivalent triples {Uα,Ωα, λαβ} ∼ {Uα,Ω′α, λαβ}, the family of
functions {Uα, ρα} defines a global and never vanishing holomorphic function on
M .
We denote by L the holomorphic line bundle over M , represented by the 1–
cocycle {λαβ} ∈ Hˇ1(U ,O∗). The family of (n − k)-forms {Ωα}, glue in order to
obtain a global holomorphic section {Ωα} ∈ Hˇ0(U ,Ω
n−k
M (L)). This motivates the
following definition.
Definition 1.1. Let M be a complex manifold of dimension n. Set 1 ≤ k < n. A
holomorphic foliation F onM of dimension dim(F) = k and codimension cod(F) =
n−k, is an equivalence class of integrable sections [Ω], where Ω ∈ H0(M,Ωn−k(L)),
and L is a holomorphic line bundle over M .
The singular set of the foliation represented by the section Ω, is defined by
S(F) = S(Ω) := {p ∈M |Ω(p) = 0},
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it is an analytic set, with several irreducible components. We are going to denote
by Sr(F) the union of irreducible components of dimension r. We may assume
always that the maximal dimension of the irreducible components of singular set is
n− 2.
We denote by Fk(M,L) ⊂ H0(M,Ω
n−k
M (L)), the set of equivalence classes inte-
grable sections or foliations on M , in the case of the projective space, we use the
notation Fk(n, c) instead Fk(Pn,On(c)). It is well known that, if M is compact,
Fk(M,L) is a projective variety in general, with several irreducible components.
Let F ∈ Fk(M,L) be a foliation represented by the section Ω. The tangent sheaf
TF →֒ Θ, is defined as follows: the stalk at any point x ∈M is
(TF )x = {X ∈ Θx|ıXΩ = 0},
the quotient NF := Θ/TF is the normal sheaf of F . Then, these sheaves are defined
by the exact sequence
0→ TF → Θ→ NF → 0. (1.1)
We have that TF is a coherent subsheaf of OM modules, that is closed under
the Lie bracket of vector fields. In some cases, it is locally free. The normal sheaf
is also coherent, but it is not locally free over the singular set. The sequence (1.1)
gives an alternative definition of holomorphic foliation [4].
The dual of TF is the cotangent sheaf of F . It will be denoted by T ∗F . Its
determinant, i.e. det(T ∗F) = (
∧k
T ∗F)∗∗ is the canonical bundle of the foliation,
it will be denoted by KF = ΩkF . Over the smooth locus M \ S(F), the sheaves of
the sequence (1.1) are locally free sheaves. Since the singular set has codimension
at least two, we obtain the adjunction formula
KM = KF ⊗ detN
∗
F = KF ⊗ L
∗ Then KF = (L⊗KM ).
We see that the holomorphic line bundle L correspond to the determinant line
bundle of the normal sheaf det(NF).
After the dimension and the codimension of a holomorphic foliation, the main
discrete invariant, is the first Chern class of the normal sheaf NF , and denoted by
c1(NF ). We define
F ∈ Fk(M,L) then c1(NF ) := c1(L) ∈ H
2(M,Z)
For foliations on the projective space, we also define the degree of F , it is the
number deg(F) = c1(NF )− cod(F)− 1.
Definition 1.2. Let Ω ∈ H0(M,Ωn−k(L)) be an integrable (n− k)–form.
(1) A holomorphic (meromorphic) integrating factor is a holomorphic (mero-
morphic) section ϕ of the line bundle L such that
η =
Ω
ϕ
is an integrable closed meromorphic form.
(2) A meromorphic function f :M 99K P1 is a meromorphic first integral if
df ∧ Ω = 0
Observe that if ϕ and ψ are two linearly independent integrating factors of the
foliation represented by Ω, then the rational function f = ϕ/ψ is a meromorphic
first integral of Ω.
Definition 1.3. The Kupka singular set of an integrable (n−k)–form Ω is defined
by
K(F) = K(Ω) := {p ∈M |Ω(p) = 0, dΩ(p) 6= 0} ⊂ S(F).
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The singular and the Kupka sets, are well defined, they don’t depend on the
(n− k)–form Ω representing the foliation.
The Kupka set has the local product property (see Theorem 2.2): Given a foliation
F ∈ Fk(M,L), and a connected component K ⊂ K(F) ⊂ M of its Kupka set,
there exists a unique germ of a foliation at 0 ∈ Cn−k+1, represented by a (n− k)–
form η ∈ Ωn−k0 (C
n−k+1) or equivalently a germ of a holomorphic vector field X ∈
Θ0(C
n−k+1), and related by the formula
η = ıXdx0 ∧ · · · ∧ dxn−k,
such that for each point x ∈ K, there exists a pair (U, φ) where U ⊂M is an open
set and φ : (U, x)→ (Cn−k+1, 0) is a submersion such that
(1) φ−1(0) = K ∩ U , therefore K is a smooth submanifold and dim(K) =
dim(F)− 1.
(2) The (n− k)–form in φ∗η defines F|U .
(3) The Kupka set is persistent under deformations of the foliation.
Locally, the foliation looks like GX×Ck−1, the product of a singular foliation by
curves in Cn−k+1 defined by the solutions of X times a non singular holomorphic
foliation of dimension k − 1.
The set
Kk(M,L) = {F ∈ Fk(M,L)|K(F) ⊃ K a compact connected component},
is an open subset of Fk(M,L) and hence, its closure is a union of irreducible com-
ponents.
An important problem in the theory of foliations, is the classification of the
foliations Kk(M,L) ⊂ Fk(M,L), n ≥ 3. The codimension–one case i.e., when
1 < dim(F) = n− 1, for foliations on the projective space, was first considered by
Cerveau and Lins Neto in [11]. They proved the following Theorem:
Theorem 1.4. Let F ∈ Kn−1(n, c), n ≥ 3. If K(F) is a complete intersection
then the leaves of F are the fibers of a rational map Φ : Pn 99K P1.
Furthermore, Cerveau and Lins Neto conjectured thatK(F) is always a complete
intersection. Recently, Brunella [5] and Calvo-Andrade [6, 7], have given a positive
answer about this conjecture. As consequence of these results, there is a complete
classification of these foliations on the projective space Pn, n ≥ 3.
1.3. Statement of the results. In this paper, we study the set of foliations
Kk(M,L) ⊂ Fk(M,L) of holomorphic foliations of dimension 1 < k ≤ n− 1 with a
compact connected Kupka component in its singular set. We mainly assume that
1 < k ≤ n− 2.
Given a foliation F ∈ Kk(M,L) with Kupka set K = K(F). It is natural to
ask about the relations between the invariants of the embedding  : K →֒ M ,
mainly, the total Chern class of the normal bundle c(ν(K,M)) ∈ H∗(K,Z), and
the invariants of the foliation.
For instance, Proposition 2.4 said that ∧k+1ν(K,M) = L|K , and in particular
c1(ν(K,M)) = j
∗c1(NF) ∈ H
2(K,Z),
which implies that, if L is an ample line bundle, the embedding  : K →֒M is not
topologically trivial and at least, the first Chern class of the normal bundle, is the
restriction of a non zero class on H2(M,Z).
On the other hand, since the transversal vector field X has Div(X)0 6= 0, it
has not trivial linear part X1. The Jordan decomposition of X1, implies that the
normal bundle of a Kupka component, decomposes in a direct sum of subbundles,
or it is indecomposable and projectively flat (Theorem 2.6). As we will see later,
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this property, imposes serious restrictions on the geometry of the embedding of
Kupka set.
In section 3, we prove a deeper relation between the transversal vector field, the
first Chern class of the normal sheaf of the foliation and the fundamental class of
the Kupka set (K) ⊂M .
The Theorem 3.3 of section 3, states that, for a foliation F ∈ Kk(M,L) with a
compact connected component K and transversal type X the fundamental class of
K ⊂M satisfies the formula
[K] · Res(c1(JX)
cod(F)+1,X, 0) = c1(NF )
cod(F)+1.
In the equation above, Res(c1(JX)
cod(F)+1,X, 0) is the Baum–Bott residue of
the transversal vector field and [K] denotes the fundamental class of K ⊂M .
Let F be a foliation with a Kupka component with linear transversal type
X(x0, . . . , xn−k) =
n−k∑
i=0
λixi
∂
∂xi
, with λi ∈ N λi 6= λj .
In section 2, we introduce the notion of resonance. If the transversal vector field
is linear, and diagonal with positive integers eigenvalues, we find a meromorphic
integrating factor G for the transversal model Ω = ıXdx0 ∧ · · ·∧dxn−k. We get the
normal form:
Ω
G
=
 ℓ∑
j=0
(−1)iλi
dx0
x0
∧ . . .
d̂xi
xi
· · · ∧
dxℓ
xℓ
 ∧ dϕℓ+1 ∧ · · · ∧ dϕn−k,
and a meromorphic function F : U 99K Pn−k, whose fibers are the leaves.
The subset ΛNR = {λ0 < · · · < λℓ} is the maximal subset of non–resonant
eigenvalues. On the other hand, for all j = 1, . . . , n− k − ℓ, the set of eigenvalues
ΛR = {λℓ+1 < · · · < λn−k}, we may find resonance relations of the type
λℓ+j = λ0 ·m
ℓ+j
0 + · · ·+ λℓ ·m
ℓ+j
ℓ .
We define the polynomial functions
hℓ+j(x0, . . . , xℓ) = x
m
ℓ+j
0
0 · · ·x
m
ℓ+j
ℓ
ℓ , ϕℓ+j =
xℓ+j
hℓ+j(x0, . . . , xℓ)
.
With a more carefull work, the above formal may be written, on a neighborhood
of the Kupka set as
Ω
G˜
=
 ℓ∑
j=0
(−1)iλi
dx0
x0
∧ . . .
d̂xi
xi
· · · ∧
dxℓ
xℓ
∧ θℓ+1 ∧ · · · ∧ θn−k, dθj = 0. (1.2)
With the use of (1.2), we prove the following generalization of the Theorem ([11,
Theorem B]).
Theorem 1. Let F ∈ Kk(n, c) be a holomorphic foliation with Sk−1(F) = K(F)
and transversal type
X =
n−k∑
i=0
λixi
∂
∂xi
, λi ∈ N λi 6= λj , for all i 6= j.
Then the leaves of the foliation are the fibers of a rational fibration and it is repre-
sented by a (n− k)–form of the type
Ω(z0, . . . , zn) =
n−k∑
i=0
(−1)iλi · fi(z0, . . . , zn)df0 ∧ . . . ∧ d̂fi ∧ . . . ∧ dfn−k.
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We say that a foliation F has small codimension when
dim(F) ≥ cod(F) + 2. (1.3)
We will see that this condition, we have strong restrictions on the geometry of
the Kupka set and the possibilities of the transversal type.
Let F ∈ Kk(n, c) be a foliation with small codimension, by Bezout’s theorem,
Sk−1(F) = K(F) = K and it is compact and connected. Also, if the transversal
type is linear with different eigenvalues and n ≥ 5, according with [1], the inclusion
map induces an isomorphism ∗ : Pic(Pn)
∼
→ Pic(K) ≃ Z. We obtain the following
result.
Corollary 2. Let F ∈ Kk(n, c) be a foliation of small codimension and linear
transversal type
X =
k∑
i=0
λixi
∂
∂xi
(λi − λj) 6= 0 6= λj for all i 6= j,
then λi ∈ N and F is a rational fibration.
We also have a version for radial transversal type (2.20).
Theorem 3. Let F ∈ Kk(n, c) with a Kupka set K and radial transversal type. If
K is a complete intersection, then F is a rational fibration of the type
[f0 : · · · : fn−k] : P
n → Pn−k, deg(fj) =
c
n− k + 1
Finally, in section (6), we have an application to codimension one non integrable
distributions D.
Let ω be a germ of 1-form on (Cn, 0). We denote by
(dω)s =
s times︷ ︸︸ ︷
dω ∧ · · · ∧ dω .
Let ω ∈ H0(M,Ω1M (L)). We define the class of the foliation induced by ω to be
the integer r for which generically
ω ∧ (dω)r−1 6= 0, ω ∧ (dω)r ≡ 0.
The Kupka set of the distribution D induced by ω ∈ H0(M,Ω1M (L)) is defined
by
K(D) = {p ∈M ; ω(p) = 0, (dω)r(p) 6= 0} ⊂ Sing(D).
Theorem 4. Let D be a codimension one distribution on Pn of class r, given by
a 1–form ω ∈ H0(Pn,Ω1
Pn
(d + 2)) such that codSing((dω)r) ≥ 3. Suppose that the
Kupka component of F has transversal type
r−1∑
i=0
(xidxi+r − xi+rdxi).
Then D is induced, in homogenous coordinates, by the 1-form
r−1∑
i=0
(fidfi+r − fi+rdfi).
2. The Kupka set.
In this section, we study the main properties of the Kupka set. First, we study
the behavior on a neighborhood of the Kupka set. As we will see, the geometric
properties of the Kupka set, implies a strong rigidity on the global behavior of the
foliation.
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2.1. Basic properties of the Kupka set.
Definition 2.1. Let Ω ∈ H0(M,Ωn−k(L)) be an integrable section. The Kupka
singular set is defined by
K(F) = K(Ω) := {p ∈M |Ω(p) = 0, dΩ(p) 6= 0}.
The Kupka set is well defined. Let Ω an integrable (n− k) form andy let Ω′ be
another integrable form which define the same foliation, then
Ω = h · Ω′, h ∈ O∗
then Ω(x) = h(x) · Ω′(x) = 0 if and only if Ω(x) = Ω′(x) = 0, and for any
x ∈ S(Ω) = S(Ω′) we have dΩ(x) = h(x) · dΩ′(x). Therefore dΩ(x) 6= 0 if and
only if dΩ′(x) 6= 0.
Now, we begin with the local product structure.
Theorem 2.2 (Medeiros [20]). Let F ∈ Fk(M,L) be a k–dimensional holomorphic
foliation on M and let K ⊂ K(F) be a connected component. Then there exists a
germ of a holomorphic vector field X ∈ Θ0(Cn−k+1) called the transversal type and
open covering by charts {(Uα, φα)} of a neighborhood of K such that
(1) K(F) is a k − 1–dimensional submanifold of M . Namely
φα : Uα → C
n−k+1 × Ck−1
u 7→ (xα(u), yα(u)), Uα ∩K = φ
−1
α (0, yα)
(2) The (n− k)–form
Ωα = φ
∗
α(ıXdx0 ∧ . . . ∧ dxn−k).
represents the foliation on Uα.
(3) K(F) is persistent under variation of Ω; namely, for p ∈ K(F) with
transversal type η andy for any foliation F ′ sufficiently close to F , there
is a holomorphic p–form η′, close to η and defined on a neighborhood of
0 ∈ Cn−k+1 and a submersion φ′ close to φ, such that F ′ is defined by
(φ′)∗η′ on a neighborhood of p.
Remark 2.3. Let us explain the point (3) of the Theorem (2.2) for the families
Kk(M,L) on a compact complex manifold M .
Let {Ft}t∈T a family of foliations such that F0 ∈ Kk(M,L). Then as a conse-
quence of (3), we get a family of compact submanifolds t : Kt →֒ M such that
(Kt) = K(Ft) and having transversal type Xt.
The possible transversal type, is a germ at zero of holomorphic vector field, it
belongs to a space of infinite dimension, but Kk(M,L) has finite dimension.
For instance, for the rational components R(n : d0, . . . , dn−k) defined in (4.3),
the transversal type remain fixed for any family Ft ∈ R(n : d0, . . . , dn−k)
Xt =
n−k∑
i=0
djxj
∂
∂xj
.
Given a foliation F represented by a section Ω ∈ H0(M,Ωn−k(L)). Recall that
the stalk at x ∈ M of the tangent sheaf (TF)x ⊂ Θx, consist of the sheaf of the
germs of holomorphic vector fields that vanishes the form Ω.
(TF )x = {Y ∈ Θx|ıYΩ = 0}.
It follows that there is a coordinate system around each point of the Kupka set
(x, y) ∈ Cn−k+1 × Ck−1 ≃ Cn, the form (n− k)–form
Ω = Ω(x, y) = ıXdx0 ∧ · · · ∧ dxn−k
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defines the foliation. Then, the holomorphic vector fields{
X(x),
∂
∂y1
, . . . ,
∂
∂yk−1
}
generate the tangent sheaf of the foliation as a O module around x ∈ K, therefore,
it is locally free.
2.2. Geometry of the Kupka set. We assume that K ⊂ K(F) is a compact and
connected component
We say that a compact (not necessarily connected) submanifold X →֒ M is
subcanonicaly embedded, if its canonical bundle extends to a line bundle defined on
M . That is
KX = L|X for some L ∈ Pic(M)
Let F be a foliation with a compact Kupka component K. Consider now the
family of (n − k)–forms {Ωα = φ∗αΩ} as in the theorem (2.2). Since dΩ(p) 6= 0 at
p ∈ K(Ω), we have
dΩα(p) = φ
∗
αdΩ(0, yα) = Div(X)(0) dx
0
α ∧ · · · ∧ dx
n−k
α 6= 0,
where
Div(X)(0) =
n−k∑
i=0
∂Xi
∂xi
(0)
Now, we are in a position to prove the following geometric property of the Kupka
set.
Proposition 2.4. Let F ∈ Kk(M,L) with a compact Kupka component K(F) = K.
Let  : K(F) →֒M be the inclusion map. Then
(1)  : K(F) →֒M is subcanonicaly embedded.
∧n−k+1ν(K(F),M) = L|K(F), KK(F) = (KM ⊗ L)|K(F)
(2) c1(ν(K,M) = 
∗c1(NF ) ∈ H2(K,Z).
In particular, for a foliation on the projective space Pn, K is Fano if and only if
dim(F) > deg(F).
Proof. Denote by K = K(F) . The cocycle condition Ωα = λαβΩβ , implies
dΩα = dλαβ ∧ Ωβ + λαβdΩβ .
Therefore, dΩα = λαβdΩβ in K ∩ Uαβ . It follows that {dΩα|K} defines a never
vanishing holomorphic section of the line bundle
∧n−k+1ν(K,M)∗ ⊗ L|K .
Hence, this line bundle is trivial. This implies that
∧n−k+1ν(K,M) ≃ L|K = det(NF )|K .
From the exact sequence of vector bundles over the Kupka set
0→ TK → TM |K → ν(K,M)→ 0,
after taking the dual sequence and the exterior power we get
KM |K = ∧
n−k+1ν(K,M)∗ ⊗KK ⇒ KK = (KM ⊗ L)|K
It follows from the definition of the first Chern class:
c1(ν(K,M)) = c1(∧
n−k+1ν(K,M)) = ∗c1(L) = 
∗c1(NF).

We proceed with another proof of the first item of the theorem above:
HIGHER CODIMENSIONAL FOLIATIONS AND KUPKA SINGULARITIES 9
Proof. We first observe that (TF )|K = TK. In fact, on the coordinate system
(U, φ) given by Theorem (2.2), the tangent sheaf of the foliation, is generated by
the vectors fields
TF(U) = OM (U) ·
〈
∂
∂y1
, . . . ,
∂
∂yk−1
,X(x)
〉
TK|U = OK ·
〈
∂
∂y1
, . . . ,
∂
∂yk−1
〉
Now, we have that X(0) ≡ 0, this implies that
OK · TF = OK ·
〈
∂
∂y1
, . . . ,
∂
∂yk−1
,X(0)
〉
= OK ·
〈
∂
∂y1
, . . . ,
∂
∂yk−1
〉
Therefore, the canonical bundle of the Kupka set is the restriction of the canon-
ical bundle of the foliation, that means
KK = (KF )|K(F) = (L⊗KM )|K , and ∧
n−k+1 ν(K,M) = L|K .
The second part follows in the same way. 
Also, in the same coordinate system (U, φ), the normal bundle of the Kupka set
is generated in V = U ∩K by
ν(K,M)|V = OK(V ) ·
〈
∂
∂x0
, . . . ,
∂
∂xn−k
〉
≃ On−k+1K (V ),
The normal sheaf, is coherent and it is not locally free at the singular set. It has
the same generators, but it has the relation given by the transversal vector field X,
because it is tangent to the foliation. That is
NF(U) =
OM (U) ·
〈
∂
∂x0
, . . . , ∂
∂xn−k
〉
∑
Xi(x)
∂
∂xi
explicitly, we have the exact sequence
OM (U)
·X
−→ On−k+1M (U) −→ NF (U)
Example 2.5. Here we have some examples and applications of the above result.
(1) The Proposition (2.4) andy the Gherardelli theorem, that states that any
subcanonical and projectively normal curve of P3 is a complete intersec-
tion, we have that Γ : P1 → P3, the rational normal curve of degree 3,
parameterized by
Γ(s : t) = (s3 : s2t : st2 : t3),
can’t be the Kupka set of any codimension one foliation on P3.
(2) Any projective space linearly embedded, appears as a Kupka set of a degree
zero foliation. Namely the foliation are the fibers of a linear projection
Pn 99K Pn−k andy the Kupka set is the set of indetermination points.
On the other hand, any projective space Pk−1 can not be the Kupka set
of a foliation F of dimension k and degree deg(F) ≥ k.
2.3. The normal bundle of the Kupka set. Now, We to show another relevant
property of the normal bundle of a Kupka component.
Let X = X1+ . . . be the transversal vector field of a compact Kupka component.
The linear part X1(x) 6= 0. After a linear change of coordinates, we may assume
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that
X1(x) =

Jλ1 0 . . . 0
0 Jλ2 . . . 0
...
. . .
. . .
...
0 0 . . . Jλr
 ·

x1
x2
...
xr
 xj ∈ Cnj ,
r∑
j=1
nj = n− k + 1. (2.1)
We assume that Jλj are the Jordan blocs with λi 6= λj , but eventually, Jλi could
have several Jordan subblocs.
The Jordan canonical form, induces a decomposition in direct sum of invariant
subspaces
Cn−k+1 =
r⊕
i=1
V (λi), dim(Vλi) = ni.
Theorem 2.6. Let F ∈ Kk(M,L) with transversal type X = X1+ · · · , assume that
the linear part X1 is in Jordan canonical form as in 2.1. Then the normal bundle
decomposes as a direct sum of the type
ν(K,M) =
r⊕
i=1
E(λi), with rk(Eλi ) = ni
or it is indecomposable and projectively flat.
Proof. Let (Uα, φα) be the charts of the Theorem (2.2). The changes of coordinates
φαβ := φβ ◦ φα satisfy φ∗αβη = λη for some λ ∈ O
∗ andy η = ıXdx0 ∧ · · · ∧ dxn−k.
Put in coordinates φαβ(xβ , yβ) = (xα, yα), then for the linear part, we have(
∂φαβ
∂xβ
)
∗
X1 =
(
∂φαβ
∂xβ
)
·X1 ·
(
∂φαβ
∂xβ
)−1
= aX1 a ∈ C
∗.
Then, the change of coordinates of the normal bundle preserve the Jordan decom-
position of the linear part.
Since a Jordan bloc has always an eigenvalue, the collection of these eigenvalues
provide a subbundle.
If the linear part is diagonal with only one eigenvalue, has not a decomposition
as a direct sum, but this case is projectively flat. 
Remark 2.7. The normal bundle
ν(K,M) =
r⊕
i=1
Eλi ⇒ c(ν(K,M) =
∑
c1(Eλi)
It would be interesting find relations between the Chern classes of the vector
bundles Eλi , we conjecture that
λjnic1(Eλi ) = λinjc1(Eλj ) ni = rank(E(λi)),
moreover, if c1(NF ) 6= 0 then Jλi = λiIni×ni .
This holds for foliations of codimension 1 and 2 ([8]).
Example 2.8. Let E → M be an irreducible projectively flat vector bundle. Let
L be a sufficiently holomorphic , ample line bundle such that E⊗L has sufficiently
many holomorphic sections.
Now, let σ ∈ H0(M,E⊗L) be a section vanishing transversely along a subman-
ifold K. We consider the section σ as a meromorphic section on P(E ⊗ L), the
foliation is the pull–back of the flat connection form on P(E ⊗ L).
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Now, let F be a foliation with a compact Kupka component K. Assume that the
line bundle L = det(NF ) is ample and transversal type of the Kupka component is
the vector field
X(x0, . . . , xn−k) =
n−k∑
i=0
(λixi + · · · )
∂
∂xi
λi − λj 6= 0 6= λi for all i 6= j,
in this case, we also have that Div(X)0 =
∑
λi 6= 0.
In this situation, it is shown in [8], that the eigendirections of the transversal
vector field, defines holomorphic line bundles Li over K such that
ν(K,Pn) =
n−k⊕
i=0
Li =⇒ c1(ν(K,P
n)) =
∑
c1(Li) = 
∗(c1(NF)) 6= 0. (2.2)
On the other hand, the Chern classes c1(Lj) ∈ H2(K,Z) j = 0, . . . n−k satisfy
the following relations.
λj · c1(Li)− λi · c1(Lj) = 0 ∈ H
2(K,Z), ∀ i, j = 0, . . . n− k, (2.3)
it follows that the eigenvalues (λ0, . . . , λn−k) of the linear part of the transversal
type X may be taken to be integers
A combination of the relations (2.2) and (2.3) gives us that the Chern classes of
the line bundles Li are restriction of classes on the ambient manifold. Namely
∗(c1(NF )) =
n−k∑
i=0
c1(Li) =
[
n−k∑
i=0
(
λi
λj
)]
· c1(Lj),
and then, we have
H2(K,Z) ∋ c(Li) =
λi∑n−k
i=0 λi
∗(c1(NF )) = 
∗
(
λic1(NF )∑n−k
i=0 λi
)
(2.4)
We observe that the right side of the above equation, belongs to H2(M,Q).
Now, assume that the line bundles Li are restriction of holomorphic line bundles
Li ∈ Pic(M).
Then we, get a collection of (n− k + 1) integer classes
ci =
λic1(NF)∑n−k
i=0 λi
∈ H2(M,Z) i = 0, . . . , n− k
such that,
c0 + · · ·+ cn−k = c1(NF).
We will find conditions for foliations on the projective space, such that the line
bundles on the Kupka set are restrictions of line bundles on the projective space.
We give now other examples of submanifolds that can not be the Kupka set of
any foliation.
Example 2.9. Let Sp,q : Pp × Pq →֒ P(p+1)(q+1)−1 be the Segre embedding. We
will see that for any c ∈ Z, the image Sd−1,1(Pd−1 × P1) = Σd ⊂ P2d−1 cannot be
the Kupka set of any foliation F ∈ Fd+1(2d− 1, c).
We use the fact that the normal bundle ν(Σd,P
2d−1) is irreducible [1]. Then, by
the Theorem (2.6), the normal bundle is projectively flat and the linear transversal
type must be radial. By the Poincare´ linearization theorem, the transversal type is
actually radial.
The normal bundle ν(Σd,P
2d−1) is projectively flat. Then the bundle
E = ν(Σd,P
2d−1)⊗OΣd(−c/d− 1) has c(E) = 1 ∈ H
∗(Σd,Z)
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and by [18, pages 114–115], it is flat. Since Σd is simply connected, the bundle E
is trivial. Therefore
ν(Σd,P
2d−1) = E ⊗OΣd(c/(d− 1)) =
d−1⊕
OΣd(c/(d− 1))
In the codimension one case, i. e. P2 × P1 ≃ Σ3 ⊂ P5, we have a direct proof
without the Theorem (2.6).
We will prove that, if Σ3 ⊂ P5 is the Kupka set of a codimension one holomorphic
foliation, then its normal bundle ν(Σ3,P
5) ≃ L0 ⊕ L1 for some holomorphic vector
bundles of rank one.
Recall that for codimension one foliations (see for instance [6]), the transversal
type is given by a linearizable and diagonal vector field
X(x0, x1) = λ0x0
∂
∂x0
+ λ1x1
∂
∂x1
,
where the eigenvalues are positive integers.
We have two cases:
First, if λ0 6= λ1 then ν(Σ3,P5) = L0 ⊕ L1 and the normal bundle splits.
If λ0 = λ1 = 1. In this case, we have that c1(NF ) = c is even, since the degree
of the Kupka set is deg(K) = c2/4 (see 3.3) and ν(Σ3,P
5) is projectively flat.
Therefore the vector bundle
E = ν(Σ3,P
5)⊗OΣ3(−c/2)
has c1(E) = c2(E) = 0. It follows from [18] pag. 114–115, that it is flat.
Since Σ3 is simply connected, then E = OΣ3 ⊕OΣ3 . Then
ν(Σ3,P
5) = E ⊗OΣ3(c/2) = OΣ3(c/2)⊕OΣ3(c/2).
Again in this case the normal bundle splits.
The properties of the normal bundle imposses many restrictions on the Kupka
set.
We use the following result [3].
Theorem 2.10. Let X ⊂ P4 be a smooth surface. If the normal bundle is decom-
posable i.e. ν(X,P4) = L1 ⊕ L2 for some L1, L2 ∈ Pic(X), then X is a complete
intersection.
With this result, we are able to prove:
Theorem 2.11. Set F ∈ K3(4, c). If the transversal type is not the radial vector
field or it is radial but K is simply connected, then K is a complete intersection
and F has a meromorphic first integral.
Proof. The transversal type is Xpq for some integers 1 ≤ p < q or p = q = 1. In
the first case, the normal bundle splits in a sum of line bundles.
If p = q = 1, then ν(K,P4) is projectively flat and the foliation has even first
Chern class andy ν(K,P4)(−c/2) is flat. Since π1(K, ∗) = 1, it is trivial and
ν(K,P4) = OK(c/2)⊕OK(c/2). Anyway, the conclusion follows from (2.10). 
Recall that in the codimension one case, for a compact, conected component of
the Kupka set, there exists a rank two holomorphic vector bundle E, with a section
σ, and the exact sequence
0→ O
σ
→ E → JK(c)→ 0.
The Kupka set is a complete intersection if and only if E splits [9].
As a consequence of the Horrocks criteria for splitting of holomorphic vector
bundles on the projective space, we have
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Corollary 2.12. Set F ∈ Kn−1(n, c) n ≥ 5, then K is a complete intersection.
Proof. Let F ∈ K4(5, c) with Kupka set K. Then K is simply connected and by
Lefschetz, it hyperplane section also is a simply connected. Let ℓ : P4 → P5 a linear
embedding and ℓ∗F has a complete intersection Kupka set ℓ−1K. Hence K is a
complete intersection. 
Example 2.13. It is shown in [9], that the complex Torus C2/Λ ⊂ P4, associated
to the Horrocks–Munford bundle, can not be the Kupka set for a foliations on P4.
The Horrocks–Munford bundle is stable, but this property never holds for the
rank two holomorphic vector bundle associated to a Kupka component.
2.4. Normal Forms. Through this subsection, we assume that the transversal
type of a compact Kupka component is a linear vector field of the type
X =
n−k∑
i=0
λizi
∂
∂zi
, λi 6= 0 6= λi − λj , i, j = 0 . . . n− k
and Ω = ıXdz0 ∧ · · · ∧ dzn−k.
We consider such a vector field, as a vector in Λ ∈ Cn+k+1, where Λ = (λ0, . . . , λn−k).
Definition 2.14. Λ = (λ0, . . . , λn−k) is resonant if among the eigenvalues there
exists integer relations of the type
λs = 〈m,Λ〉 =
n−k∑
j=0
mjλj
where m = (m0, . . . ,mn−k), mj ≥ 0,
∑
mj ≥ 2. Such a relation is called a
resonance. The number |m| =
∑
mj is called the order of the resonance.
Resonances are the obstructions for formal linearization of vector fields of the
type Y = X+ · · · . For us, an interpretation of the meaning of the resonance is the
following.
For a linear vector field X, for all j = 0, . . . n− k, the hyperplanes {zj = 0} are
keeping invariant. If there is a resonance of the type λk = 〈m,Λ〉 the families of
hypersurfaces zk + cz
m0
0 · · · z
mn−k
n−k = zk + cZ
m are also invariants by X. Namely
X(zk + cZ
m) = λkzk + cX(Z
m) = λkzk + c
∑
mjλjZ
m = λk(zk + cZ
m).
Observe that the smooth hypersurfaces {(zk + cZm) = 0} and {zk = 0} are
tangent at the origin.
The vector polynomials Zmej are resonant if there is a resonance of the type
λj = 〈m,Λ〉. It follows that
X(Zmej) = [〈m,Λ〉 − λj ]Z
mej
In the sequel, we consider the forms Ω = ıXdz0∧· · ·∧dzn−k with the assumption
that (λ0, . . . , λn−k) are positive integers.
We divide our analysis in three cases. The non–resonant, the resonant and the
radial as transversal type of a Kupka component.
2.4.1. Non–resonant case.
Theorem 2.15. Let K be a compact connected component of the Kupka set with
transversal type
X =
n−k∑
i=0
λizi
∂
∂zi
where λi ∈ N
and no–resonant. Then there exists a neighborhood K ⊂ U such that F|U is defined
by a meromorphic closed (n− k) form with poles along an invariant divisor.
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Proof. Consider (Uα, φα) a covering by charts of the Kupka set andy Ωα = φ
∗
αΩ.
In this case, we have that for all j = 0, . . . , n− k, the hyperplanes {zj = 0} are
the only smooth invariant hypersurfaces, then we get
Ωα =
n−k∑
j=0
λjz
j
αdz
j+1
α ∧ · · · ∧ dz
j−1
α
moreover, for all j = 0, . . . , n−k, we have zjα = g
j
αβz
j
β , for some g
j
αβ ∈ O
∗(Uαβ).
Consider the meromorphic closed forms
ηα =
Ωα
z0α · · · z
n−k
α
=
λαβ
g0αβ · · · g
n−k
αβ
Ωβ
z0β · · · z
n−k
β
=
λαβ
g0αβ · · · g
n−k
αβ
ηβ .
We have the following cocycles
cαβ =
λαβ
g0αβ · · · g
n−k
αβ
∈ O∗(Uαβ).
We claim that cαβ ≡ 1. In fact, since ηα and ηβ are closed andy ηα = cαβηβ ,
after taking exterior derivative we have 0 = dcαβ ∧ ηβ . It follows that cαβ is a
holomorphic first integral of the vector field X, since the eigenvalues are positive,
any solution of the form accumulate at 0, therefore cαβ is a constant.
On the other hand, the forms ηα and ηβ have the same poles, it follows that the
constant cαβ = 1.
Therefore, ηα = ηβ andy then, there exists a meromorphic closed (n− k) form η
defined in U = ∪Uα ⊃ K, with poles on an invariant divisor, and representing the
foliation. This proof the non–resonant case. 
2.4.2. Resonant Case. Again, consider the diagonal vector field
X =
n−k∑
i=0
λizi
∂
∂zi
, λi ∈ N,
and the n− k form
Ω =
n−k∑
j=0
(−1)jλjxjdx0 ∧ · · · ∧ d̂xj ∧ · · · ∧ dxn−k.
Now, assume that the subset of eigenvalues ΛNR = {λ0 < λ1 < · · · < λℓ} is
non–resonant and maximal with this property. It is always non empty λ0 ∈ ΛNR.
The set ΛR = {λℓ+1 < · · · < λn−k} have resonances, that always may be found of
the type
λℓ+j = λ0m
ℓ+j
0 + · · ·+ λℓm
ℓ+j
ℓ , |m| ≥ 2
involving only non–resonant eigenvalues.
In order to see that, we observe first that λℓ+1 is the smaller of all resonant
eigenvalues andy it has an expression involving only non–resonant eigenvalues.
We proceed by induction over k, with the index ℓ+ k andy prove for ℓ + k + 1.
Assume that the statement is true for ℓ+ k andy now, we have
λℓ+k+1 =
s∑
j=0
mk+1j λj ,
since it involves only terms λj < λℓ+k+1. In particular, in this sum only could
appear resonant eigenvalues λℓ+t for 1 ≤ t ≤ k. Then, these eigenvalues may be
replaced by the non–resonant terms. Now, for any s = 1, . . . n− k − ℓ, consider all
elements
R(s) = {m ∈ Nℓ | 〈m,ΛNR〉 = λℓ+s}
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And for any m = (m0, . . . ,mℓ) ∈ R(s), we consider the rational functions
ϕℓ+s
m
=
xℓ+s
xm00 . . . x
mℓ
ℓ
=
xℓ+s
xms
λℓ+s = m
s
0λ0 + · · ·+m
s
ℓλℓ = 〈m
s,ΛNR〉.
And for any m = (m0, . . . ,mℓ) ∈ R(s), we consider the rational functions
ϕℓ+s
m
=
xℓ+s
xm00 . . . x
mℓ
ℓ
=
xℓ+s
xms
λℓ+s = m
s
0λ0 + · · ·+m
s
ℓλℓ = 〈m
s,ΛNR〉.
We will use the short notation. Define the monomial
hℓ+s
m
(x0, . . . , xℓ) = x
ms0
0 . . . x
msℓ
ℓ , m = (m0, . . . ,mℓ) ∈ R(s),
then we have
xℓ+s = h
ℓ+s
m
· ϕℓ+s
m
, dxℓ+s = ϕ
s
m
· dhs
m
+ hℓ+s
m
· dϕℓ+s
m
The function hℓ+s
m
is a resonant monomial associated to the eigenvalue λℓ+s then
we have, for instance s = n− k − ℓ that
Ω =
n−k∑
j=0
(−1)iλixidx0 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn−k
= ϕn−k
m
n−k−1∑
j=0
(−1)iλixidx0 ∧ . . . d̂xi · · · ∧ dh
n−k
m
+ (−1)n−kλn−kxn−kdx0 ∧ · · · ∧ dxn−k−1
+ hn−k
m
n−k−1∑
j=0
(−1)iλixidx0 ∧ · · · ∧ d̂xi ∧ · · · ∧ dϕ
n−k
m
.
Since xn−k = h
n−k
m
ϕn−k
m
, and the resonance implies that
ϕn−k
m
n−k−1∑
j=0
(−1)iλixidx0 ∧ . . . d̂xi · · · ∧ dxn−k−1 ∧ dh
n−k
m
+(−1)n−kλn−k(ϕ
n−k
m
hn−k
m
) dx0 ∧ · · · ∧ dxn−k−1 = 0.
We finally we get
Ω = hk
m
·
n−k−1∑
j=0
(−1)ixidx0 ∧ . . . d̂xi . . . dxn−k−1 ∧ dϕ
n−k
m
 (2.5)
This expression may be written in the form
Ω = hn−k
m
Ω1 ∧ dϕ
n−k
m
Ω1 =
n−k−1∑
j=0
(−1)iλixidx0 ∧ . . . d̂xi · · · ∧ dxn−k−1
By this procedure, we are able to get inductively the expression
Ω = hℓ+1
mℓ+1
. . . hn−k
mn−k
·
(
Ωℓ ∧ dϕ
ℓ+1
mℓ+1
∧ · · · ∧ dϕn−k
mn−k
)
= hℓ+1
mℓ+1
. . . hn−k
mn−k
·
(
Ωℓ ∧ d
(
xℓ+1
hℓ+1mℓ+1
)
∧ · · · ∧ d
(
xn−k
hn−kmn−k
))
.
Now, we define the non–resonant part as the ℓ–form
ΩNR =
ℓ∑
j=0
(−1)jλjxjdx0 ∧ · · · ∧ d̂xj ∧ · · · ∧ dxℓ
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and the logarithmic non–resonant part
ηNR =
ΩNR
x0 . . . xℓ
=
ℓ∑
j=0
(−1)jλj
dx0
x0
∧ · · · ∧
d̂xj
xj
∧ · · · ∧
dxℓ
xℓ
.
The above calculations implies the following theorem.
Theorem 2.16 (Local Resonant Normal Form). Consider
Ω =
n−k∑
j=0
(−1)iλixidx0 ∧ . . . d̂xi · · · ∧ dxn−k, λi ∈ N, λi 6= λj for i 6= j
Let ΛNR = {λ0 < · · · < λℓ} and ΛR = {λℓ+1 < · · · < λn−k} be the non–resonant
part and the resonant part respectively. Then there exists an integrating factor:
Ω
x0 . . . xℓHM(x0, . . . xℓ)
= ηNR ∧ dϕ
ℓ+1
mℓ+1
∧ · · · ∧ dϕn−k
mn−k
.
where HM = h
ℓ+1
mℓ+1
. . . hn−k
mn−k
, where M = (mℓ+1, . . . ,mn−k) and mℓ+s ∈ R(s).
This expression gives an integrability condition with meromorphic closed forms.
Observe that the function
GM(x0, . . . , xℓ) = x0 . . . xℓHM(x0, . . . , xℓ),
is a holomorphic integrating factor of Ω.
Also observe that ifm 6= n ∈ R(s), the differential of rational function ϕℓ+s
m
/ϕℓ+s
n
divides the form ΩNR.
Now, we need to globalize this expression to a neighborhood of a Kupka set with
transversal type Ω.
We continue with the notation of the Theorem (2.16), but we fix (and omit) the
subindexes m ∈ R(s) and M, for the functions hl+s, H, and G.
First, we observe that the pole of the logarithmic non–resonant part, is invariant
by the foliation. Then, for all j = 0, . . . , ℓ, {xα,j = g
j
αβxβ,j}. Also, we denote by
ζα = (xα,0, . . . , xα,ℓ), then:
hℓ+k(ζα) = h
ℓ+k
α H(ζα) = Hα G(ζα) = Gα
Set γαβ = (g
0
αβ , . . . , g
ℓ
αβ). If we consider γαβ as a diagonal matrix, then we
have the equation ζα = γαβζβ . We also consider γαβ as a vector andy we get the
equations:
hℓ+k(γαβ) := h
ℓ+k
αβ H(γαβ) := Hαβ G(γαβ) := Gαβ .
and with this convention, we get the equations
hℓ+kα = h
ℓ+k
αβ · h
ℓ+k
β Hα = Hαβ ·Hβ Gα = Gαβ ·Gβ .
Thus, we have
Ωα
Gα
=
λαβ
Gαβ
·
Ωβ
Gβ
.
Since the forms are closed and in the Poincare´ domain, it follows that the never
vanishing holomorphic function
λαβ
Gαβ
= cαβ ∈ C
∗,
but unfortunately not necessarily 1. With the same notation, we can prove:
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Theorem 2.17. Let K be a compact, connected Kupka component with transversal
type Ω as described above. Then. There exists a neighborhood of the Kupka set such
that the foliation is represented by a meromorphic n− k form of the type.
η = ηNR ∧ θℓ+1 ∧ · · · ∧ θn−k,
where θj , j = 1, . . . , n− k − ℓ are closed meromorphic 1–forms.
Proof. The proof will be by induction on the number of ressonant eigenvalues.
Let U = {Uα} a covering of the theorem (2.2) andy write Ωα in the local normal
form.
Ωα = ηα ∧ dϕ
ℓ+1
α ∧ · · · ∧ dϕ
n−k
α ,
where ηα is logarithmic with poles on the divisor associated to the non–resonant
eigenvalues.
Assume that ΛNR = {λ0, . . . , λn−k−1}. Then for each α, β we have
ηα ∧ dϕα = cαβηβ ∧ dϕβ cαβ ∈ C
∗.
Since ηα = ηβ , we get
ηα ∧ (dϕα − cαβdϕβ) = 0.
The form ηα has the division property, then we get
dϕα = cαβdϕβ ⇒ ϕα = cαβϕβ + bαβ ⇒
dϕα
ϕα
=
dϕβ
ϕβ
Let θα = d logϕα, we get a meromorphic form θ defined on the neighborhood
U =
⋃
α
Uα of K. We get
Ω
G
= ηNR ∧ θ.
Now, we assume that the result holds, if the number of resonant eigenvalues is s
and prove the theorem for s+ 1.
The local normal form is
ηα ∧ dϕ
ℓ+1
α ∧ · · · ∧ dϕ
ℓ+s+1
α .
with ηα = ηβ the logarithmic part. The form
ηα ∧ dϕ
ℓ+1
α ∧ · · · ∧ dϕ
ℓ+s+1
α = cαβ · ηβ ∧ dϕ
ℓ+1
β ∧ · · · ∧ dϕ
ℓ+s+1
β cαβ ∈ C
∗.
By the induction hypotheses, we are able to write
ηα ∧ dϕ
ℓ+1
α ∧ · · · ∧ dϕ
ℓ+s
α = aαβ · ηβ ∧ dϕ
ℓ+1
β ∧ · · · ∧ dϕ
ℓ+s
β aαβ ∈ C
∗,
we replaced by a form of the type
η ∧ θℓ+1 ∧ · · · ∧ θℓ+s with dθj = 0 ℓ+ 1 ≤ j ≤ ℓ+ s.
Then, we have a new meromorphic local model
ωα = Θ ∧ dϕ
ℓ+s+1
α
where Θ = η ∧ θℓ+1 ∧ · · · ∧ θℓ+s and with η a logarithmic ℓ–form. Therefore
ωα = Θ ∧ dϕ
l+s+1
α = a
′
αβ ·Θ ∧ dϕ
l+s+1
β a
′
αβ ∈ C
∗,
As in the case of a single resonat eigenvalue, we have
Θ ∧ (dϕℓ+s+1α − a
′
αβ · dϕ
ℓ+s+1
β ) = 0⇒ ϕ
ℓ+s+1
α = a
′
αβϕ
ℓ+s+1
β + bαβ bαβ ∈ C.
Then d log(ϕℓ+s+1α ) = d log(ϕ
ℓ+s+1
β ) and we define the form
(θℓ+s+1)|Uα =
dϕℓ+s+1α
dϕℓ+s+1β
=
dϕℓ+s+1β
dϕℓ+s+1β
= (θℓ+s+1)|Uα .
And finally, we get η = ηNR ∧ θℓ+1 ∧ · · · ∧ θℓ+s+1 with dθj = 0. 
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As a conclusion, we have show the following result.
Theorem 2.18. Let F be a foliation with a Kupka component with transversal type
X =
n−k∑
j=0
λizi
∂
∂zi
, λj 6= λi, λi ∈ N.
Then there exists a neighborhood U of the Kupka set such that:
(1) There exists a meromorphic, closed and decomposable n− k form defining
F outside and invariant divisor
(2) The reduced invariant divisor Dred is a normal crossing divisor and it is
the pole of the logarithmic non–resonant part.
Example 2.19. If the component has transversal type
X =
n−k∑
j=0
λjxj
∂
∂xj
λ0 = 1, λj < λj+1 ∈ N
then ΛNR = {λ0} andy the forma may be written as
Ω = xN0 d
(
x1
xλ10
)
∧ · · · ∧ d
(
xn−k
x
λn−k
0
)
N =
n−k∑
j=0
λj
2.4.3. The radial case. Now, we consider the case
X =
n−k∑
j=0
zi
∂
∂zi
Recall that a (n − k) non singular foliation on a manifold M has a transversal
projective structure, if it is defined by an Atlas of submersions fα : Uα → Pn−k such
that fα = φαβ ◦ fβ and φαβ are restriction of projective transformations on Pn−k.
The most simple example of transversally projective foliations, is given by fibra-
tions F :M → Pn−k, another example are generated by suspensions of a represen-
tation π1(M)→ PGL(n− k,C).
The more general transversally projective foliations are a mixture of these ex-
amples. It is given by the develop of the structure.
A singular holomorphic foliation has a projective transversal structure if outside
the singular set, there exists an invariant divisor D ⊂ M such that F|M−D−S(F)
has a projective transversal structure, see [23].
Theorem 2.20. Let K be a Kupka component with radial transversal type. Then
there exists a neighborhood K ⊂ U such that F has a projective transversal struc-
ture.
Proof. Let K be a compact connected Kupka component of radial type andy let
σ : M˜K → M be the blow-up along K. Denote by E := σ−1K the exceptional
divisor. It is well known that E = P(ν(K,M)), the projectivization of the normal
bundle of K ⊂M .
Consider now the charts {Uα, φα)} of the theorem 2.2, with coordinates
φα : Uα → C
n−k+1 × Ck−1 φα(p) = (x
0
α, x
1
α, . . . , x
n−k
α , y
1
α, . . . , y
k−1
α )
of the adapted covering of K. The (n− k)–form Ωα = φ
∗
α(η), where
η =
n−k∑
i=0
(−1)ixidx
0 ∧ . . . ∧ d̂xi ∧ . . . ∧ dxn−k
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as a vector field, the transversal type is
X =
n−k∑
i=0
xi
∂
∂xi
We consider the covering of the exceptional divisor
Uα × P
n−k = {(xα, yα, T ) := (x
0
α, . . . , x
n−k
α , y
1
α, . . . , y
k−1
α , [t
0 : · · · : tn−k])},
and the blowing–up, in these local coordinates, is given by
U˜α = {(xα, yα, T ) |x
i
αt
j − xjαt
i = 0 for i, j = 0 . . . , n− k}.
Then, we have for example
σ(x0α, t
0, t1, . . . , tn−k, y1α, . . . , y
k−1
α ) = (x
0
α, x
0
αt
1, x0αt
2, . . . , x0αt
n−k, y1α, . . . , y
k−1
α ),
and then
σ∗(η) = −(x0α)
n−k+1η˜, η˜ = dt1 ∧ · · · ∧ dtn−k
where {x0α = 0} respresented the local equation of the exceptional divisor E and η˜
induces F˜ , the strict transformation of the foliation.
From this equation, we see that the strict transformed foliation F˜ is transversal to
the exceptional divisor andy it defines the projective flat connection on P(ν(K,M))
andy the foliation F˜ on the open set
U˜ =
⋃
α
U˜α
in non singular and defined by a representation ρ : π1(K, ∗)→ PGL(n− k,C). So,
it has a projective transverse structure. 
Transversally projective foliations, the structure is defined by the Maurer–Cartan
forms. Therefore, on a neighborhood U we have a family of meromorphic 1–forms
for this structure.
Following [17, pag- 132], as a homogeneous space, the projective space Pn−k, is
L/L0 where
L = PGL(n− k,C) = SL(n− k + 1,C)/center
L0 =
{(
A 0
v a
)
∈ SL(n− k + 1,C)
}
/center,
where A ∈ GL(n− k,C), v ∈ Cn−k is a row (n− k)–vector, tr(A) = −a,
L1
{(
In 0
v 1
)
‖v ∈ Cn row vector
}
.
The graded Lie Algebra l = g−1+g0+g1 with this L/L0, given by l = sl(n+1,C)
andy
g−1 =
{(
0 v
0 0
)}
g0 =
{(
A 0
0 a
)}
g1 =
{(
0 0
v 0
)}
The invariant forms, are denoted by
{ωi, ωji , ωj‖i, j = 1, . . . n− k}
and the structure equations are
dωi = −
∑
ωik ∧ ω
k
dωij = −
∑
ωik ∧ ω
k
j − ω
i ∧ ωj + δ
i
j
∑
ωk ∧ ω
k
dωj = −
∑
ωk ∧ ω
k
j ,
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For the projective space P1, the above equation looks like this
dω1 = ω0 ∧ ω
1,
dω0 = ω
1 ∧ ω1,
dω1 = ω1 ∧ ω0.
Therefore, on a neighborhood of the Kupka set, there is a family of meromorphic
1–forms
{Ωi,Ω
j
i ,Ω
j‖i, j = 1, . . . , n− k}
obtained by the projection of the holomorphic 1–forms on the neighborhood of the
exceptional divisor.
3. Baum-Bott theory.
Let us recall the results of [4] and [24] in a general context. We need some
preliminary notions.
A polynomial invariant function F : Mn×n(C)→ C, is a function which can be
expressed as a complex polynomial in the entries of the matrix, and satisfies
F (A) = F (g · A · g−1)
for all A ∈ Mn×n(C) and g ∈ GL(n,C). It follows that F define a function on
End(V )→ C, for some complex vector space of dimension n.
The main example of a polynomial invariant functions, are the coefficients of
det(I+ tA) = 1 + c1(A)t+ · · ·+ cn(A)t
n,
Observe that c1(A) = tr(A) and cn(A) = det(A).
Now, Let ϕ ∈ C[X1, . . . , Xn] be a symmetric and homogeneous of degree n. It
defines an invariant function if it can be expressed as
ϕ(X1, . . . , Xn) = ϕ˜(c1(X), . . . , cn(X)), X = (X1, . . . , Xn)
for some polynomial ϕ˜ and considering the variables as the spectrum of a matrix.
Now, consider a 1 dimensional holomorphic foliation F on a compact complex
manifold M of complex dimansion n. Such a foliation, is represented by a class
X ∈ H0(M,Θ(L)), where L is a line bundle on M .
In this case, the tangent sheaf of F is the line bundle L∗ and the normal sheaf
NF may be considered as the virtual bundle TM − L.
Assume that the singular set S(F) is a finite set of points. Now, for any singular
point p ∈ S(F), we take z = (z1, . . . , zn) a coordinate system around a singular
point p ∈ S(F) such that z(p) = 0, and
X(z) =
n∑
i=1
Xi(z)
∂
∂zi
, Xi(0) = 0, JX(z) =
(
∂Xi
∂zj
(z)
)
be a holomorphic vector field representing F in a neighborhood of z(p) = 0.
The Grothendieck point residue
Res(ϕ(JX),F , p) =
(
1
2πi
)n ∫
Γǫ
ϕ(JX)dz1 ∧ . . . ∧ dzn
X1(z) . . . Xn(z)
,
where integration is over the n-cycle
Γǫ = {z : |Xi(z)| = εi, 1 ≤ i ≤ n}, ǫ = (ε1, . . . , εn) ∈ R
n
>0, |ǫ| << 1,
oriented by declaring positive the form d(argf1) ∧ . . . ∧ d(argfn).
It is not difficult see that this residue independent of the vector field representing
F around p. We have the following.
HIGHER CODIMENSIONAL FOLIATIONS AND KUPKA SINGULARITIES 21
Theorem 3.1 (Baum-Bott [4]). Let M be a compact complex manifold of complex
dimension n. Let F be a holomorphic foliation by curves on M , represented by a
meromorphic vector field X. Then
ϕ(NF )[M ] =
∑
p∈S(F)
Res(ϕ(JX),F , p)
For higher dimensional holomorphic foliations, there is also a residue theorem: let
F be a k-dimensional holomorphic foliation on an n dimensional complex manifold
M . Let Z be a connected component of the singular set S(F). We consider the
sequence of homomorphism
Hj(Z,C)
∗
→ Hj(M,C)
ρ
→ H2n−j(M,C) j = 0, 1, . . . , 2n, (3.1)
where ∗ is induced by inclusion and ρ is the Poincare´ duality isomorphism. Set
α∗ = ρ ◦ ∗.
Theorem 3.2 (Baum-Bott [4]). Let F be a foliation of dim(F) = k on a manifold
M of complex dimension n. Let ϕ ∈ C[X1, . . . , Xn] be symmetric and homogenous
of degree r, with n − k < r ≤ n, and Z be a connected component of S(F).Then
there exists a homology class Res(ϕ,F , Z) ∈ H2n−2r(Z,C) such that
(1) Res(ϕ,F , Z) depends only on ϕ and on the local behavior of the leaves of
F near Z.
(2) ϕ(NF ) =
∑
Z α∗Res(ϕ,F , Z).
We will use the above theorem in the case in that deg(ϕ) = n− k + 1. The fact
that dimC S(F) ≤ k − 1, implies that only the components of dimension k − 1 of
S(F) intervene. This is because, since Res(ϕ,F , Z) ∈ H2k−2(Z,C), components of
dimension smaller than k − 1 contribute nothing.
Theorem 3.3. Let F ∈ Kk(M,L) be a foliation with a compact connected compo-
nent K and transversal type X. Then
[K] · Res(c1(JX))
cod(F)+1,X, 0) = c1(NF )
cod(F)+1.
Proof. Suppose that Sk−1(F) = K(F), where K(F) compact connected Kupka set
of transversal type
X(x0, . . . , xn−k) =
n−k∑
i=0
Xi(x0, . . . , xn−k)
∂
∂xi
, cod(F) = n− k.
Set ϕ = cn−k+11 (NF ). We have
cn−k+11 (NF ) = Res(c
n−k+1
1 ,F ,K(F))[K(F)], (3.2)
by Theorem 3.2, but
Res(cn−k+11 ,F ,K(F)) =
(
1
2πi
)n−k+1 ∫
Γǫ
cn−k+11 (JX(0))dx0 ∧ . . . ∧ dxn−k
X0(x) · · ·Xn−k(x)
,
where integration is over the n − k + 1-cycle Γǫ = {z : |Xi(z)| = εi, 1 ≤ i ≤ n},
ε = (ε1, . . . , εn) ∈ Rn>0, |ε| << 1. 
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4. Holomorphic foliations on the projective space.
4.1. The projective space. Recall the Euler sequence
0 −→ On(−1) −→
n+1⊕
On −→ Θn(−1) −→ 0,
after taking the dual the (n− k) exterior power, we get the exact sequence
0 −→ Ωn−kn (n− k) −→
n−k∧ (n+1⊕
On
)
≈
(n+1n−k)⊕
On −→ Ω
n−k−1
n (n− k) −→ 0
As a consequence, a global section Ω of the sheaf Ωn−kn (c), may be thought
as a polynomial (n − k)–form on Cn+1 with homogeneous coefficients of degree
degh(Ω) = c− n+ k, which we will still denote by Ω and satisfying
ıRΩ = 0, where R = x0
∂
∂x0
+ · · ·+ xn
∂
∂xn
is the radial vector field onCn+1. Consequently, the space of sectionsH0(Pn,Ωn−kn (c))),
has dimension
h0(Pn,Ωn−kn (c)) =
(
c+ k
c
)
·
(
c− 1
n− k
)
, c ≥ n− k + 1
and 0 otherwise. Therefore, only the classes c ≥ n− k + 1 could carried foliations
of dimension k.
Now, we introduce the notion of degree of a foliation of the projective space.
Let F be represented by a section Ω ∈ H0(Pn,Ωn−kn (c)). We also assume that
dimC S(F) ≤ k − 1. Let ℓ : Pn−k →֒ Pn be a linear generic immersion with
respect to F , in particular, ℓ(Pn−k) does not hit the singular set. Now, consider the
pullback form ℓ∗(Ω) ∈ H0(Pn−k,Ωn−kn−k(c)). We observe that Ω
n−k
n−k(c) = Kn−k(c),
is a holomorphic line bundle, so that Kn−k(c) = On−k(d) for some d ∈ Z. Since
Kn−k = On−k(−(n− k + 1)), we get d = c− (n− k + 1).
The zero divisor {ℓ∗(Ω) = 0}, reflects the set of tangency between F and the
linear subspace ℓ(Pn−k) ≃ Pn−k ⊂ Pn. The degree of the foliation F denoted by
deg(F), is the degree of such tangency divisor. By definition
deg(F) = c1(NF)− cod(F)− 1 = c1(NF ) + dim(F)− n− 1. (4.1)
Therefore, for foliations on the projective space, we have three discrete invariants:
The first Chern class of the normal bundle c1(NF) (or topological degree), the
degree deg(F) and the homogeneous degree degh(F) andy related by the formulaes
c1(NF) = deg(F) + cod(F) + 1,
degh(F) = c1(NF)− cod(F) = deg(F) + 1,
For instance, for any n ≥ 2 and for any codimension one holomorphic foliation F
on the projective space Pn, we have the formula c1(NF ) = dh(F)+1 = deg(F)+2.
The example of a foliation F ∈ Fk(n, n− k) and degree deg(F) = 0 is
Ω =
n−k∑
i=0
(−1)ixidx0 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn−k = ıRdx0 ∧ · · · ∧ dxn−k
whose leaves are the fibers of the linear fibration
Φ(z0 : · · · : zn) = [z0 : · · · : zn−k] : P
n
99K Pn−k.
It is well known that the singular set of a codimension one foliation F in Pn,
has at least an irreducible component in Sn−2(F) (see [19]). Recently, Correˆa Jr-
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Ferna´ndez Pe´rez [12] proved that it is valid for foliations of arbitrary dimension on
projective manifolds.
Theorem 4.1. Let F ∈ Fk(M,L) be a holomorphic foliation such that dimC S(F) ≤
k − 1. Suppose that L is ample, then Sk−1(F) 6= ∅
Remark 4.2. The hypotheses of the ampleness of the line bundle L = det(NF)
is not restrictive. This hypothesis is always satisfy for foliations on the projective
space.
4.2. Foliations with a Kupka component. We give the main examples of k
dimensional holomorphic foliations F with a compact Kupka component on the
projective space.
Example 4.3. Let {f0, . . . , fn−k}, 1 < k < n, be a collection of homogenous
polynomials in Cn+1 of degree deg(fj) = dj .
We assume that {f := f0 · · · fn−k = 0} is a normal crossings divisor of degree
c = d0 + · · · + dn−k. In other words, for all j = 0, . . . n − k, we have holomorphic
sections fj ∈ H0(Pn,On(dj)) andy f ∈ H0(Pn,On(c)).
Consider the homogeneous (n− k)–form in Cn+1 defined by
Ω(z0, . . . , zn) =
n−k∑
j=0
(−1)jdj · fj(z0, . . . , zn)df0 ∧ · · · ∧ d̂fj ∧ · · · ∧ dfn−k
= (f0 . . . fn−k)
n−k∑
j=0
(−1)jdj
{
df0
f0
∧ · · ·
d̂fj
fj
· · · ∧
dfn−k
fn−k
}
.
The homogeneous (n − k)–form Ω has degree c − n + k. It vanishes the radial
vector field R. In fact, we observe that Ω = ıRdf0∧· · · dfn−k, the contraction by the
radial vector field R.Moreover, the (n−k)–form Ω, defines a foliation F ∈ Fk(n, c),
whose leaves are the fibers of the rational ramified fibration
Φ : Pn 99K Pn−k
z 7→ [fm00 (z) : · · · : f
mn−k
n−k (z)]
where {m0, . . . ,mn−k} are integers relatively prime satisfying the equations
m0d0 = · · · = mn−kdn−k = d for some d ∈ N.
The foliation belongs to the set Kk(n, c). The Kupka set is the complete inter-
section K = {f0 = · · · = fn−k = 0}. This is also the indetermination locus of the
rational map Φ : Pn 99K Pn−k.
It is clear that the set {f0 = · · · = fn−k = 0} ⊂ S(Ω). Now, consider any
x ∈ {f0 = · · · = fn−k = 0} and a direct calculation gives
dΩ(x) =
n−k∑
j=0
dj
 df0 ∧ · · · ∧ dfn−k(x) = c df0 ∧ · · · ∧ dfn−k(x) 6= 0,
this last inequality, follows from the transversally condition. The submanifold K
has degree deg(K) = d0 · · · dn−k.
Finally, we observe that the transversal type of the Kupka component is the
linear vector field
X(x0, . . . , xn−k) =
n−k∑
j=0
dj · xj
∂
∂xj
.
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The foliations described above are called rational components. They are irre-
ducible components of the space of foliations if 2 ≤ k < n [13]. We denote them
by
Rk(n : d0, . . . , dn−k) ⊂ Fk(n, c), where c =
n−k∑
j=0
dj .
Observe that the rational component has n − k + 1 discrete parameters, the
degree of the divisors involved (d0, . . . , dn−k) ∈ Nn−k+1, which are related with the
first Chern class of the normal sheaf of the foliation and the degree of its Kupka
component.
In the codimension one case, there is a complete classification of the setKn−1(n, c)
when n ≥ 3. (see Brunella [5] and Calvo–Andrade [6, 7]).
Theorem 4.4. The set Kn−1(n, c, d) = {F ∈ Kn−1(n, c)|deg(K) = d} 6= ∅ if and
only if the system of equations
x · y = d x+ y = c
has positive integers as solution, say (a, b) ∈ N× N. In this case, we have
Kn−1(n, c, d) = Rn−1(n : a, b).
For any Z ∋ c ≥ 2 the set Kn−1(n, c) has [c/2] irreducible components. In the
codimension one case, the transversal type is always of the type
Xpq = px
∂
∂x
+ qy
∂
∂y
p, q ∈ N, where

radial p = q = 1
non–resonant (p, q) = 1
resonant 1 = p < q
and we get a = pc/p+ q and b = qc/p+ q.
An important intermediate problem, towards the classification of the k dimen-
sional foliations with a Kupka component on the projective space, is the following.
Problem 4.5. Given F ∈ Kk(n, c). Classify all the possible transversal type of its
Kupka component.
5. Rational Fibrations.
5.1. Geometrical Preliminary results. We begin this section, with some results
on the projective space.
There are two classes of theorems which are of our interest about submanifolds
of a given manifold M :
Given X ⊂M a smooth submanifold and let X ⊂ U ⊂M be an open neighbor-
hood of X . The property that we need is that any meromorphic object defined in
U , may be extended to an object on M .
The first results in this direction is the following.
Theorem 5.1 ([2], [22]). Let Y be a connected analytic subset of Pn, n ≥ 2,
with dimY ≥ 1. Then any meromorphic function in a connected neighborhood of
Y extends to a meromorphic function on all of Pn.
On the other hand, given a smooth submanifold X ⊂ Pn, the normal bundle
ν(X,Pn) impose some conditions on the embedding of X →֒ Pn. In this direction,
there are some results that we are going to use.
Theorem 5.2 ([1]). Let X ⊂ Pn be a smooth submanifold. Assume that dim(X) =
d ≥ 3 and n = 2d− 1. If the normal bundle ν(X,Pn) decompose as a direct sum of
line bundles, then Pic(X) = Z · [OX(1)]
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It follows from this result, that the normal bundle extends to Pn and X is a
complete intersection.
Theorem 1. Let F ∈ Kk(n, c) be a holomorphic foliation with Sk−1(F) = K(F)
and transversal type
X =
n−k∑
i=0
λixi
∂
∂xi
, λi ∈ N λi 6= λj , for all i 6= j
Then the leaves of the foliation are the fibers of a rational fibration and it is repre-
sented by a (n− k)–form of the type
Ω(z0, . . . , zn) =
n−k∑
i=0
(−1)iλi · fi(z0, . . . , zn)df0 ∧ . . . ∧ d̂fi ∧ . . . ∧ dfn−k.
Proof. We use the Theorems 2.17 and 2.18 of the section 2.
Let ΛNR = {λ0 < · · ·λℓ} and ΛR = {λℓ+1 < · · · < λn−k} the resonant and
non–resonant part respectively. By (2.17) and (2.18), on a neighborhood of the
Kupka set, we have the integrating factor G = G(x0, . . . , xℓ). It is a section on U
of the line bundle det(NF ) = O(c). Moreover, it can be extended to the projective
space by Theorem 5.1.
Now, the closed meromorphic forms θℓ+j are locally, logarithmic differentials of
meromorphic functions.
Let fj ∈ H
0(Pn,O(dj)) be the extension of the components of the invariant
divisor on U. We also consider the extension of the rational functions
ϕℓ+k =
fℓ+k
f
m
ℓ+k
0
0 · · · f
m
ℓ+k
ℓ
ℓ
Let gℓ+k = fℓ+k + cℓ+k · f
m
ℓ+k
0
0 · · · f
m
ℓ+k
ℓ
ℓ , where cℓ+k ∈ C. Then the fibration is
[fλ00 : · · · : f
λℓ
ℓ : g
λℓ+1
ℓ+1 : · · · : g
λn−k
n−k ] : P
n → Pn−k.

For the Corollary 2, we begin with some remarks on the Kupka set.
Let F ∈ Kk(M,L) with a Kupka component K, and transversal type
X(x0, . . . , xn−k) =
n−k∑
i=0
(λixi + h.o.t)
∂
∂xi
,
then, the residue has the expression
Res(cn−k+11 ,F ,K(F)) =
(
∑n−k
i=0 λi)
n−k+1∏n−k
i=0 λi
=
n−k∏
j=0
(
n−k∑
i=0
λi
λj
)
.
Then, by Theorem 3.3, we have
c1(NF )
n−k+1 =
n−k∏
j=0
(
n−k∑
i=0
λi
λj
)
.[K].
Hence we have
[K] =
n−k∏
i−0
(
λic1(NF )∑n−k
i=0 λi
)
∈ H2(n−k+1)(M,C).
In particular, for a foliation F ∈ Fk(n, c), the above formula looks as follows
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deg(K) =
n−k∏
i=0
λi(d(F) + cod(F) + 1)∑n−k
i=0 λi
=
n−k∏
i=0
λic∑n−k
i=0 λi
Now, Let F ∈ Kk(n, c) be a foliation with a compact Kupka set K = K(F). Let
 : K →֒ Pn be the inclusion map and assume the dimension assumption (1.3):
4 ≤ dimF dim(F) ≥ cod(F) + 2.
Since the linear part of the transversal type has different eigenvalues, the normal
bundle splits as a direct sum of line bundles associated to the proper directions [8].
ν(K,Pn) =
n−k⊕
i=0
Li.
Because K is subcanonical and ν(K,Pn) = OK(c), c = c1(NF ), we have
c1(ν(K,P
n) = ∗(c1(NF )) =
n−k∑
i=0
c1(Li) ∈ H
2(K,Z).
On the other hand, the classes
ci :=
(
λi∑n−k
i=0 λi
)
∗(c1(NF )) ∈ H
2(K,Q), i = 0, . . . , n− k
are precisely the Chern classes c(Li) of the line bundles Li, then these classes are
integers and the same the numbers
di =
λic∑n−k
i=0 λi
∈ Z ≃ H2(K,Z).
Then, we have proved.
Corollary 2. Let F ∈ Kk(n, c) be a foliation of small codimension and linear
transversal type
X =
k∑
i=0
λixi
∂
∂xi
λi 6= λj for all i 6= j,
then λi ∈ N and F is a rational fibration.
Now, we consider the radial case.
Theorem 3. Let F ∈ Kk(n, c) with a Kupka set K and radial transversal type. If
K is a complete intersection, then F is a rational fibration of the type
[f0 : · · · : fn−k] : P
n → Pn−k, deg(fj) =
c
n− k + 1
Proof. Let U be a neighborhood of the Kupka set where the foliation has a projec-
tive transverse structure. In this neighborhood we have the Maurer–Cartan forms
that defines the structure. We are able to extend this forms and then the foliation
has a projective transversal structure on Pn.
Since Pn is simply connected, any Pn−k flat bundle is Pn × Pn−k
π1→ Pn and the
rational section is of the type z 99K (z,Φ(z)), then Φ must be a rational fibration.

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6. An application: Normal form of non-integrable codimension one
distributions.
Let ω be a germ of 1-form on (Cn, 0). We denote by
(dω)s =
s times︷ ︸︸ ︷
dω ∧ · · · ∧ dω .
Let ω ∈ H0(M,Ω1M (L)). We define the class of the foliation induced by ω to be
the integer r for which generically
ω ∧ (dω)r−1 6= 0, ω ∧ (dω)r ≡ 0.
See [15] for the general theory.
The Kupka set of the distribution F induced by ω ∈ H0(M,Ω1M (L)) is defined
by
K(F) = {p ∈M ; ω(p) = 0, (dω)r(p) 6= 0} ⊂ Sing(F).
The next result gives a Kupka type phenomena in the non integrable case.
Theorem 6.1 (Kupka type phenomena). Let ω ∈ H0(M,Ω1M (L)) a codimension
one holomorphic distribution of class r. Given a connected Kupka component K
there exists a germ at 0 ∈ C2r of a holomorphic 1–form
2r∑
i=1
Ai(x1, . . . , x2r)dxi
with an isolated singularity at 0 ∈ C2r, an open covering {Uα}α of a neighborhood
of K ⊂ X, and a family of submersions ϕα : Uα → C2r such that
ϕ−1α (0) = K ∩ Uα and ωα = ϕ
∗
αη.
Proof. Since (dω)r(0) 6= 0 it follows from the classical Darboux Theorem that
dω =
r∑
i=1
dxi ∧ dxi+r .
Then d(ω −
∑r
i=1 xidxi+r) = 0. From Poincare´ lemma we get that there exist
f ∈ On such that ω −
∑r
i=1 xidxi+r = df. Using that
(dω)r = (−1)
r(r−1)
2 r!dx1 ∧ · · · ∧ dx2r ,
we get
0 = ω ∧ (dω)r = (−1)
r(r−1)
2 r!
(
r∑
i=1
xidxi+r + df
)
∧ dx1 ∧ · · · ∧ dx2r .
Then df ∧ dx1 ∧ · · · ∧ dx2r = 0 implies that
∂f
∂xi
= 0 for all i = r + 1, . . . , n
i.e., f depends only of the variables (x1, . . . , x2r). 
Example 6.2. Let D be the distribution on Pn, of degree d, induced given, in
homogenous coordinates, by
ω =
r−1∑
i=1
(fidfi+r − fi+rdfi)
such that df0 ∧ · · · ∧ df2r−1(z) 6= 0 . The transversal type of ω is
ω =
r−1∑
i=1
(xidxi+r − xi+rdxi).
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In fact, the map
(f0, . . . , f2r−1) : C
n+1 −→ C2r
is a submersion, since df1 ∧ · · · ∧ df2r(z) 6= 0. Thus, there exist a holomorphic
coordinate system (x1, . . . , x2r, z) ∈ U ⊂ Cn+1 such that fi|U = xi.
Theorem 4. Let D be a codimension one distribution on Pn, of class r, given by
a 1–form ω ∈ H0(Pn,Ω1
Pn
(d + 2)) such that codSing((dω)r) ≥ 3. Suppose that the
Kupka component of D has transversal type
r−1∑
i=0
(xidxi+r − xi+rdxi).
Then D is induced, in homogenous coordinates, by the 1-form
r−1∑
i=0
(fidfi+r − fi+rdfi).
Proof. We have that the (2r − 1)-form Θ = ω ∧ (dω)r−1 is integrable and K is a
Kupka component of radial type of Θ. It follows from Theorem 3 that
Θ = ω ∧ (dω)r−1 =
2r−1∑
i=0
(−1)ifidf0 ∧ · · · ∧ d̂fi ∧ · · · ∧ df2r−1.
In particular, this implies that (dω)r is globally decomposable on Cn+1. Since
codSing((dω)r) ≥ 3 it follows from [10] that
dω =
r−1∑
i=0
dfi ∧ dfi+r .
Now, contracting by the radial vector field we conclude
(d+ 2)ω = iRdω =
r−1∑
i=0
(mi+rfidfi+r −mifi+rdfi),
where mi = deg(fi). Comparing ω with its transversal type we see that mi = mj ,
for all i, j = 0, . . . 2r − 1. 
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